We investigate the role of Kekulé and non-Kekulé structures in the radical character of alternant polycyclic aromatic hydrocarbons (PAHs) using thermally-assisted-occupation density functional theory (TAO-DFT), an efficient electronic structure method for the study of large ground-state systems with strong static correlation effects. Our results reveal that the studies of Kekulé and non-Kekulé structures qualitatively describe the radical character of alternant PAHs, which could be useful when electronic structure calculations are infeasible due to the expensive computational cost. In addition, our results support previous findings on the increase in radical character with increasing system size. For alternant PAHs with the same number of aromatic rings, the geometrical arrangements of aromatic rings are responsible for their radical character.
Introduction
Polycyclic aromatic hydrocarbons (PAHs), which consist of three or more aromatic rings, are molecules made of carbon and hydrogen atoms only. While some PAHs possess non-radical (i.e., closed-shell) character, many others can exhibit radical (i.e., open-shell or multi-reference) character due to the delocalized nature of π-electrons. PAHs with multi-reference ground states, which belong to strongly correlated systems, have been actively studied, owing to their attractive properties and applications. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] In particular, alternant PAHs, which are PAHs constituted only of six-membered rings, are planar molecules. Consequently, alternant PAHs have been frequently taken as finite-size models of hydrogen-passivated graphene nanoribbons and nanoflakes. Experimentally, in spite of the promising properties of alternant PAHs, their instability is a commonly encountered problem. Because of their high reactivity, alternant PAHs with substantial radical character are usually shortlived. Methods for stabilization are necessary for their practical use. Theoretically, due to the multi-reference character of ground-state wavefunctions, alternant PAHs with significant radical character cannot be adequately described by conventional electronic structure methods, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] including the very popular Kohn-Sham density functional theory (KS-DFT) 31 with commonly used semilocal, 32 hybrid, [33] [34] [35] [36] [37] [38] and double-hybrid [39] [40] [41] [42] density functionals.
High-level ab initio multi-reference methods 18, 21, 24, 26, 28, 43, 44 are typically required to accurately describe the electronic properties of alternant PAHs with pronounced radical character, and their radical character may be examined from the analysis of the natural orbital occupation numbers (NOONs) [i.e., the eigenvalues of one-electron reduced density matrix]. 18, 21, 24, 26, 28, 45, 46 For a molecule with a singlet ground state, if some of the NOONs deviate strongly from the closed-shell values of two/zero, the molecule exhibits pronounced radical character (e.g., diradical, tetraradical, or higher-order radical character). On the other hand, if all the NOONs are close to the closed-shell values of two/zero, the molecule has non-radical character. Figure 1 shows three alternant PAHs: hexacene, superbenzene, and triangulene, all of which consist of six aromatic rings. To assess their radical character, Pelzer et al. 21 calculated the oc-cupation numbers of the highest occupied (n HONO ) and lowest unoccupied (n LUNO ) natural orbitals for the lowest singlet states of these molecules, using the active-space variational twoelectron reduced-density-matrix (RDM-CASSCF) method. 43 Their results revealed that triangulene (n HONO = 1.095 and n LUNO = 0.916) exhibits strong radical character, hexacene possesses partial radical character (n HONO = 1.542 and n LUNO = 0.472), and superbenzene (n HONO = 1.818 and n LUNO = 0.204) has a stable singlet ground state. As these molecules all contain six aromatic rings, it seems plausible that the geometrical arrangements of aromatic rings may be responsible for the radical character of alternant PAHs. Arguments in support of this are also available in several studies. 15, 18, 20, 22, [24] [25] [26] 28, 29, 43 However, owing to the prohibitively high cost of accurate multi-reference calculations, there have been very few studies on large alternant PAHs (e.g., containing up to a few thousand electrons).
In order to extend the investigation to include large alternant PAHs, an efficient electronic structure method for the study of large ground-state systems with strong static correlation effects should be adopted. Recently, we have developed thermally-assisted-occupation density functional theory (TAO-DFT), 23, 27 which can be an ideal electronic structure method for the study of large alternant PAHs. 29 Besides, the orbital occupation numbers from TAO-DFT, which are intended to simulate the NOONs, could provide information useful in assessing the possible radical character of alternant PAHs.
In this work, we first show that the orbital occupation numbers from TAO-DFT are qualitatively similar to the NOONs from RDM-CASSCF on a set of small alternant PAHs. Next, the orbital occupation numbers from TAO-DFT are adopted to examine the radical character of large alternant
PAHs. In addition, we also propose a simple model based on the extended Clar's rule to qualitatively describe the radical character of alternant PAHs (i.e., without performing electronic structure calculations), which is especially desirable for very large alternant PAHs. From this simple model, we can easily illustrate how the geometrical arrangements of aromatic rings are responsible for the radical character of the alternant PAHs with the same number of aromatic rings.
Simple Model Based on the Extended Clar's Rule
The bonding patterns in benzene can be understood by the resonance between the two Kekulé structures of benzene. 47 The superposition of these two structures, Clar's aromatic sextet, 48 can be interpreted as six π-electrons moving all around the aromatic ring. For alternant PAHs, more than two Kekulé structures may, however, be needed to describe the resonance. Clar's rule states that the Kekulé structure with the largest number of disjoint aromatic sextets (i.e., benzene-like moieties), the Clar structure, is the most important structure for the characterization of the properties of PAHs. [48] [49] [50] [51] However, the studies of Kekulé structures alone cannot adequately describe open-shell singlet states. Therefore, recent studies have extended Clar's rule to include the nonKekelé structures (e.g., the structures with unpaired π-electrons). [52] [53] [54] Accordingly, to describe the resonance in alternant PAHs, all the Kekulé and non-Kekulé structures can be adopted (see Figure 2). For alternant PAHs with strong radical character, the non-Kekelé structures are expected to be essential.
Nevertheless, in the extended Clar's rule, the relationship between the non-Kekulé structures and radical character of alternant PAHs remains unclear. In previous studies, it has been suggested that the analysis of the radical character of alternant PAHs could be focused solely on the energy balance between the break of a covalent bond and aromatic stabilization. [52] [53] [54] In other words, only the energies of the Kekulé and non-Kekulé structures have been previously considered. In this work, we highlight the importance of the degeneracies of the Kekulé and non-Kekulé structures in the radical character of alternant PAHs.
Here we propose a simple model to qualitatively describe the radical character of alternant PAHs. To start with, we define the standard structure of molecule α as the structure: Unlike hexacene and superbenzene, there are two unpaired π-electrons in the standard structure of triangulene, owing to the peculiar geometry of triangulene.
Next, we assign the energies of the structures of molecule α. The energy of the standard structure is assigned as E α (kJ/mol). As it has been reported that the aromatic stabilization energy of benzene is about 90 kJ/mol, 55 and the C-C π-bonding energy is about 272 kJ/mol, 56 the energy of the structure with one extra aromatic sextet is assigned as E α − 90 (kJ/mol), the energy of the structure with two extra aromatic sextets is assigned as E α − 90 × 2 (kJ/mol), and so on, while the energy of the structure with two extra unpaired π-electrons is assigned as E α + 272 (kJ/mol), the energy of the structure with four extra unpaired π-electrons is assigned as E α + 272 × 2 (kJ/mol), and so on. By counting the number of extra aromatic sextets and the number of extra unpaired π-electrons in a structure, the energy of the structure can be assigned. For brevity, the structures with the lowest, second lowest, and third lowest energies are referred as the most important, second most important, and third most important structures, respectively.
In addition, we count the degeneracies of the structures of molecule α. Note that the structures with the same energy (e.g., those with the same number of extra aromatic sextets and the same number of extra unpaired π-electrons) are degenerate. Here we demonstrate how to count the degeneracies of the top three most important structures of pentacene (see Figure 4 ) for instance. one extra aromatic sextet). Clearly, the aromatic sextet can be placed in one of the five aromatic rings. Noteworthy, once the aromatic sextet is placed, there is only one way for the remaining π-electrons pairing with their nearest neighbors (i.e., forming C-C double bonds). Therefore, the degeneracy of the most important structure is 5. Figure 4 (c) shows the second most important structures (i.e., the structures with two extra aromatic sextets and two extra unpaired π-electrons).
Since the two aromatic sextets should be placed in two of the five aromatic rings, and they cannot be adjacent, there are five ways to arrange them. Besides, the two unpaired π-electrons should be placed accordingly. For example, if the two aromatic sextets are placed in rings 1 and 4, the two unpaired π-electrons can only be placed at ring 2 or 3, and they cannot both be placed at the top or bottom. As a result, there are only four ways to arrange these two unpaired π-electrons. Therefore, the degeneracy of the second most important structure is 20. Figure 4 (d) shows the only way to draw the third most important structure (i.e., the structure with three extra aromatic sextets and four extra unpaired π-electrons). As the three aromatic sextets cannot be adjacently placed, they can only be placed in rings 1, 3, and 5. Therefore, the degeneracy of the third most important structure is 1.
Finally, similar to expanding a wavefunction by a linear combination of configuration state functions in the full configuration interaction method, in our simple model, the radical character of molecule α is argued to be related to all the possible Kekulé and non-Kekulé structures as well as their corresponding weights. The weight of a structure should be dependent on the energy and degeneracy of the structure. The structure with lower energy and greater degeneracy should have a larger weight, and hence govern the radical character of molecule α more significantly, while the structure with higher energy and less degeneracy should have a smaller weight, and hence govern the radical character of molecule α less significantly.
Computational Details
As alternant PAHs are all planar molecules, we define a one-dimensional (1D) alternant PAH as the alternant PAH with aromatic rings connected to no more than two other aromatic rings. An alternant PAH that is not a 1D alternant PAH is defined as a two-dimensional (2D) alternant PAH.
To obtain the ground states of the alternant PAHs studied, TAO-LDA (i.e., TAO-DFT with the local density approximation) 23 is employed for the lowest singlet and triplet energies of each alternant PAH on the respective geometries that were fully optimized at the same level of theory.
The singlet-triplet energy gap (ST gap) of the alternant PAH is calculated as (E T − E S ), the energy difference between the lowest triplet (T) and singlet (S) states. For the lowest singlet state of the al-ternant PAH, the active orbital occupation numbers obtained from TAO-LDA are adopted to assess the radical character of the alternant PAH. Here, the highest occupied molecular orbital (HOMO) is the (N/2) th orbital, and the lowest unoccupied molecular orbital (LUMO) is the (N/2 + 1) th orbital, with N being the number of electrons in the alternant PAH. For all the TAO-LDA calculations, the optimal value of θ = 7 mhartree (as defined in Ref. 23) is adopted. As the spin-restricted and spin-unrestricted TAO-LDA energies for the lowest singlet states of all the alternant PAHs adopted are essentially the same, and spin-unrestricted TAO-LDA calculations are always performed for the lowest triplet states, we remove the phrases "spin-restricted" and "spin-unrestricted" for brevity.
All calculations are performed with a development version of Q-Chem 4.0. 57 Results are computed using the 6-31G(d) basis set with the fine grid EML(75,302), consisting of 75 EulerMaclaurin radial grid points and 302 Lebedev angular grid points.
Results and Discussion

Validity of TAO-LDA Occupation Numbers
Here we examine the validity of TAO-LDA occupation numbers with respect to the NOONs obtained from the accurate RDM-CASSCF method. 21 As illustrated in Figure 5 , we adopt a test set of 24 alternant PAHs, which are the PAHs (excluding the non-alternant PAHs) studied by Pelzer et al. 21 Based on the TAO-LDA calculations (see Table 1 ), the ST gaps of the 24 alternant PAHs are positive, so they all possess singlet ground states. Besides, the occupation numbers of the highest occupied ( f HOMO ) and lowest unoccupied ( f LUMO ) molecular orbitals for the lowest singlet states (i.e., the ground states) of the 24 alternant PAHs, calculated using TAO-LDA are compared with the corresponding NOONs (n HONO and n LUNO , respectively) obtained from RDM-CASSCF. 21 Owing to the limitation of TAO-LDA (with a system-independent θ = 7 mhartree), the TAO-LDA occupation numbers are slightly biased towards closed-shell systems. A system-dependent θ (related to the distribution of NOONs) is expected to improve the general performance of TAO-LDA. 23 Nevertheless, as shown in Figure 6 , even with a fixed value of θ (i.e., 7 mhartree), the TAO-LDA occupation numbers are qualitatively similar to the RDM-CASSCF NOONs, yielding a similar trend for the radical character of the 24 alternant PAHs. Our TAO-LDA results support previous findings on the increase in radical character with increasing system size. For the alternant PAHs with the same number of aromatic rings, the geometrical arrangements of aromatic rings are shown to be responsible for the radical character, and it is observed that the smaller the ST gap, the stronger the radical character. Owing to its computational efficiency and reasonable accuracy, in this work, we adopt the TAO-LDA occupation numbers as the approximate NOONs to assess the radical character of the alternant PAHs studied. Table 2 ).
1D Alternant PAHs
For n-PP, the adjacent aromatic rings are connected to each other by a single C-C bond, which isolates each ring as if n-PP is simply the combination of several isolated benzenes. As each ring forms an aromatic sextet, n-PP does not have the non-Kekulé structures, and hence should display non-radical character.
By contrast, for n-acene and n-phenacene, the adjacent aromatic rings are connected to each other by sharing one common side. Due to the sawtooth arrangements of aromatic rings, it is impossible to draw the non-Kekulé structures of n-phenacene. Therefore, n-phenacene should exhibit non-radical character, showing consistency with the findings of Plasser et al. 26 On the other hand, regardless of the length of n-acene, the most important structure is the Kekulé structure with one aromatic sextet, the second most important structure is the non-Kekulé structure with two aromatic sextets and two unpaired π-electrons, and the third most important structure is the non-Kekulé structure with four aromatic sextets and four unpaired π-electrons.
From the energy point of view (i.e., based on the previous models [52] [53] [54] ), the non-Kekulé structures can never be dominant, and hence n-acene should always display non-radical character (i.e., governed by the most important Kekulé structure). However, as shown in Table 3 , with the increase of n, the degeneracies of non-Kekulé structures (e.g., the second most important structure, the third most important structure, etc.) increase more rapidly than the degeneracy of the most important Kekulé structure. Therefore, based on our simple model, the weights of non-Kekulé structures should be increased with n, and may eventually be dominant for a large n. For a sufficiently large n, as the number of important non-Kekulé structures is increased, n-acene should display increasing polyradical character. As shown in Figure 8 , the number of fractionally occupied orbitals obtained from TAO-LDA increases with the acene length, which are indeed in support of our argument. Therefore, in addition to the energies of the structures, the degeneracies of the structures should also be taken into account in the extended Clar's rule to qualitatively describe the polyradical character of n-acene. 18, 19, [23] [24] [25] [26] [27] [28] [29] Therefore, based on our simple model, for a given number of aromatic rings n, the strength of radical character in the three alternant PAHs is as follows: n-acene > n-phenacene ≈ n-PP. To verify this, the active orbital occupation numbers ( f HOMO and f LUMO ) for the lowest singlet states of these alternant PAHs calculated using TAO-LDA are shown in Table 2 . Our results suggest that n-acene should possess radical character for n ≥ 6. By contrast, n-phenacene and n-PP exhibit non-radical character (even up to n = 20).
Based on our definition of 1D alternant PAHs, we can represent 1D alternant PAHs by a combination of the three types of arrangements in Figure 7 , and qualitatively describe their radical character. Based on the arguments above, when the adjacent aromatic rings are connected to each other by a single C-C bond (e.g., n-PP), the alternant PAH exhibits non-radical character, regardless of the number of these rings. By contrast, when the adjacent aromatic rings are connected to each other by sharing one common side in the linear arrangement (e.g., n-acene), the degeneracies of the non-Kekulé structures are quickly increased with the number of these rings, displaying an increasing polyradical character. However, when the adjacent aromatic rings are connected to each other by sharing one common side in the sawtooth arrangement (e.g., n-phenacene), the number of aromatic sextets in the most important Kekulé structure is increased with the number of these rings, stabilizing the alternant PAH. Therefore, for a given number of aromatic rings n, the more the 1D alternant PAH resembles n-acene, the more it displays radical character. For example, the 1D alternant PAH with zigzag edges is much less stable than that with armchair edges. 12, 29, 30, [58] [59] [60] Here we take the five 1D alternant PAHs (5a, 5b, 5c, 5e, and 5g) in Figure 5 as examples. Note that the other 5-ring alternant PAHs (5d and 5f) belong to 2D alternant PAHs. To assess their radical character, it is essential to estimate the weights of the most important non-Kekulé structures relative to those of the most important Kekulé structures (see Figure 9 ). First, we recognize (5a) [the linear arrangement] and (5g) [the sawtooth arrangement] as the molecules with the most and least radical character, respectively. Secondly, the strength of radical character in (5e) should be the same as that in (5g), as (5e) and (5g) both have the most important Kekulé structures with three aromatic sextets, and do not have the non-Kekulé structures. Thirdly, for (5b) and (5c), while they both have the most important non-Kekulé structures with two aromatic sextets and two unpaired π-electrons, the Kekulé structure of (5b) is much more stable than that of (5c) [due to an extra aromatic sextet included in the Kekulé structure of (5b)]. Therefore, the weight of the non-Kekulé structure of (5c) should be greater than that of (5b), yielding stronger radical character for (5c). Finally, based on our simple model, the strength of radical character in the five 1D alternant PAHs is as follows:
(5a) > (5c) > (5b) > (5e) = (5g), matching reasonably well with the analysis of the TAO-LDA and RDM-CASSCF occupation numbers (see Table 1 ). Note that these alternant PAHs are far away from being governed by the non-Kekulé structures, and the difference of radical character among them is small. However, we can still qualitatively describe and compare the strength of radical character in these alternant PAHs by simply studying the most important Kekulé and non-Kekulé structures in our simple model.
2D Alternant PAHs
For 2D alternant PAHs, Pelzer et al. argued that the dimensionality may be an effective predictor when comparing 1D PAHs to 2D PAHs, in the sense that 1D PAHs generally exhibit more radical character than 2D PAHs. 21 However, as they commented, the above argument alone cannot explain why the longer, narrower structure (8c) exhibits less radical character than the square-shaped structure (8b) [see Table 1 ]. By contrast, based on our simple model, the geometry of (8c) allows more aromatic sextets to be included in the most important Kekulé structure, so the radical character of (8c) is less governed by the most important non-Kekulé structure. Therefore, (8c) exhibits less radical character than (8b). This example highlights the importance of studying the Kekulé and non-Kekulé structures in the extended Clar's rule for qualitatively describing the radical character of alternant PAHs.
Similar arguments may be applied to the three alternant PAHs in Figure 1 . Figure 10 shows the most important Kekulé and non-Kekulé structures of hexacene, superbenzene, and triangulene.
Systems with greater symmetry (e.g., superbenzene) do not necessarily exhibit stronger radical character. 21 As superbenzene does not have the non-Kekulé structures, and hence the Kekulé structures must be dominant, superbeneze exhibits non-radical character. By contrast, it is impossible to draw the Kekulé structures of triangulene, and two unpaired π-electrons always appear in the most important non-Kekulé structures, yielding the diradical character.
In contrast to 1D alternant PAHs, it is not practical to classify 2D alternant PAHs into groups, and formulate general rules describing their radical character, as there are too many possible geometrical arrangements of aromatic rings to study all of them. In this work, we adopt the following two types of 2D alternant PAHs: zigzag-edged triangular graphene nanoflakes (C n 2 +4n+1 H 3n+3 )
[see Figure 11 ] and zigzag-edged diamond-shaped graphene nanoflakes (C 2n 2 +6n+1 H 4n+2 ) [see Figure 12 ], with n being the number of aromatic rings at each side, as the test systems to investigate the role of Kekulé and non-Kekulé structures in the radical character of these 2D alternant
PAHs.
Zigzag-Edged Triangular Graphene Nanoflakes
Zigzag-edged triangular graphene nanoflakes (C n 2 +4n+1 H 3n+3 ) with n = 3, 5, 7, 9, and 11, all possess singlet ground states, based on the TAO-LDA calculations (see Table 4 ). Note that those with an even number of n are excluded, as they contain an odd number of electrons, and do not possess singlet states. Similar to triangulene (i.e., n = 3), zigzag-edged triangular graphene nanoflakes do not have the Kekulé structures, and hence the non-Kekulé structures must be dominant. Figure 11 shows the most important non-Kekulé structures of zigzag-edged triangular graphene nanoflakes with n = 3, 5, and 7. Due to the peculiar geometries of zigzag-edged triangular graphene nanoflakes, unpaired π-electrons always appear in the most important non-Kekulé structures (as well as the standard structures). According to Figure 11 , there are 2, 4, and 6 unpaired π-electrons for the n = 3, 5, and 7 cases, respectively. We can extend this observation, and argue that there should be (n − 1) unpaired π-electrons in the zigzag-edged triangular graphene nanoflake with n aromatic rings at each side. As shown in Table 4 , the active orbital occupation numbers for the lowest singlet states of zigzag-edged triangular graphene nanoflakes with n = 3, 5, 7, 9, and 11, calculated using TAO-LDA, are indeed in support of our simple model. Therefore, zigzagedged triangular graphene nanoflakes with longer side length should exhibit increasing polyradical character.
Zigzag-Edged Diamond-Shaped Graphene Nanoflakes
Zigzag-edged diamond-shaped graphene nanoflakes (C 2n 2 +6n+1 H 4n+2 ) with n = 3−7, all have singlet ground states, based on the TAO-LDA calculations (see Table 5 ). Figure 12 shows the most important Kekulé and non-Kekulé structures of zigzag-edged diamond-shaped graphene nanoflakes with n = 3−5 and their corresponding degeneracies. For n = 3, as the energy of the most important Kekulé structure is lower than that of the most important non-Kekulé structure, and the degeneracy of the most important non-Kekulé structure is insufficiently large, the radical character of the molecule is mainly governed by the most important Kekulé structure, hence displaying a closedshell singlet ground state. For the larger n, while the degeneracies of the most important Kekulé and non-Kekulé structures remain the same as those for n = 3, the energy difference between these two structures becomes smaller, and hence the weight of non-Kekulé structure becomes relatively larger. For n > 6, the energy of the most important non-Kekulé structure becomes even lower than that of the most important Kekulé structure, so the molecule displays strong radical character. As shown in Table 5 , the active orbital occupation numbers for the lowest singlet states of zigzag-edged diamond-shaped graphene nanoflakes with n = 3−7, calculated using TAO-LDA,
show consistency with our simple model.
Conclusions
In conclusion, we have shown that the TAO-LDA occupation numbers are qualitatively similar to the NOONs obtained from the accurate RDM-CASSCF method, and are potentially useful for assessing the radical character of large alternant PAHs, due to its computational efficiency. Relative to the analysis of the TAO-LDA and RDM-CASSCF occupation numbers, the studies of Kekulé and non-Kekulé structures in our proposed simple model qualitatively describe the radical character of alternant PAHs, which could be useful when electronic structure calculations are infeasible due to the expensive computational cost. Our results support previous findings on the increase in radical character with increasing system size. For alternant PAHs with the same number of aromatic rings, the geometrical arrangements of aromatic rings have been shown to be influential for the radical character of alternant PAHs. For 1D alternant PAHs, the more the molecules resemble the acene series, the more they display polyradical character. For 2D alternant PAHs, it is impractical to classify the molecules into groups, and formulate general rules describing their radical character, as there are too many possible geometrical arrangements of aromatic rings to study all of them. Nevertheless, the radical character of several 2D alternant PAHs has been qualitatively described by our simple model. Table 2 : Active orbital occupation numbers ( f HOMO and f LUMO ) for the lowest singlet states of n-PP, n-acene, and n-phenacene (n = 3−20), calculated using TAO-LDA. As the singlet-triplet energy gaps E ST (in eV) of these alternant PAHs are positive, they all possess singlet ground states.
n-PP n-acene n-phenacene n f HOMO Table 3 : Degeneracies of the top three most important structures of n-acene as a function of the acene length n. Here the most important structure is the Kekulé structure with one aromatic sextet, the second most important structure is the non-Kekulé structure with two aromatic sextets and two unpaired π-electrons, and the third most important structure is the non-Kekulé structure with four aromatic sextets and four unpaired π-electrons. .., and f LUMO+5 ) for the lowest singlet states of zigzag-edged triangular graphene nanoflakes (C n 2 +4n+1 H 3n+3 ) as a function of the side length n, calculated using TAO-LDA. As the singlettriplet energy gaps E ST (in eV) of these alternant PAHs are positive, they all possess singlet ground states. 
